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Abstract
A detailed canonical treatment of a new action for a nonrelativistic particle coupled to back-
ground gravity, recently given by us [1], is performed both in the Lagrangian and Hamiltonian
formulations. The equation of motion is shown to satisfy the geodesic equation in the Newton-
Cartan background, thereby clearing certain confusions. The Hamiltonian analysis is done in the
gauge independent as well as gauge fixed approaches, following Dirac’s analysis of constraints. The
physical (canonical) variables are identified and the path to canonical quantisation is outlined by
explicitly deriving the Schroedinger equation. Usual flat space results are correctly reproduced.
1 Introduction
Newton Cartan (NC) space time is a four dimensional differentiable manifold with two degenerate
metrics. Just after Einstein formulated the general theory of relativity (GR) as a relativistic theory of
gravity, Cartan demonstrated that Newtonian gravity can also be formulated as a geometric theory in
NC manifold [2, 3]. Intense research on various aspects of the metric theory produced a rich literature
[4, 5, 6, 7, 8]. The metric properties of the NC space time being so different from the Riemann or
Riemann Cartan space time that great care had to be taken to derive Newtonian gravity from General
relativity. In case of the Riemann space there is a unique non singular metric but in NC geometry
there are two degenerate metrics. A direct outcome is the difficulties in coupling of matter theories
with non relativistic gravity. In the ’classical’ age this issue was not very prominent.
Resurgence of this field in recent times, is due to the applications of the geometric approach to
physical phenomena in varied topics including condensed matter physics, hydrodynamics and cosmol-
ogy. So the question of coupling matter systems with non relativistic gravity occupied the centre stage.
A number of different approaches to the problem have appeared in the recent past [9, 10, 11], the most
popular among these is based on the gauging of (extended) Galilean group algebra [11, 12]. In this
scenario we bave developed a systematic algorithm, developed by us in a series of papers [13, 14, 15],
of gauging the relevant Galilean symmetries. It was generically termed Galilean gauge theory (GGT)
in analogy with Poincare gauge theory that is obtained by gauging the Poincare symmetries. In this
paper we develop a canonical formalism for a nonrelativistic particle coupled to background NC
geometry. The action for this theory was very recently derived by us [1] usiing GGT.
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The advantage of our theory is the obtention of the geodesic equation which is nontrivial since
earlier approaches were not successful in deriving the geodesic equation [12]. The last method is an
example o gauging the algebra There is another approach where the generator of the central charge of
the projective Galilean algebra appears in addition to the generators of the algebra that are dynamical.
Only the later fields are gauged in GGT. This difference leads to different notions of flat limit. In the
case of GGT the flat limit is a free particle whereas in the second case the flat limit corresponds to
an other wise free particle moving under a Newtonian potential. We will point out these issues at the
appropriate place in the following.
The Lagrangian description is backed by a Hamiltonian analysis. There is a single first class
constraint that is shown to generate the reparametrisation symmetry. The gauge independent analysis
is supplemented by a gauge fixed formulation where the raparametrisation parameter is identified with
the absolute time. We show that it is a good choice of gauge since it allows the abstraction of the
physical (canonical) variables in a simple manner. The Dirac brackets of the canonical set are identical
to the Poisson brackets which therefore allows us to elevate them to commutators, when quantising
the theory. The operator version of the relevant variables are given in the coordinate representation.
This allows us to write the Schroedinger equation, thereby paving the way for the quantisation of the
model. In all cases the appropriate flat limit is reproduced.
It will now be appropriate to describe the organisation of the paper. The action mooted by us in
[1] is reviewed in the next section with emphasis on its connection with the Newton Cartan geometry.
This is crucial to understand its difference with the earlier results [12]. This discussion will be found
in the the last subsection of section 2. One of the most important result of section 3 is to show
that the path of the particle is the standard geodesic if the parameter labelling the path is an affine
parameter. This result is obtained from the Lagrangian analysis given in section 3. This is followed
by the Hamiltonian analysis in section 4. Since the system is singular Dirac’s approach of constrained
Hamiltonian analysis [16] has been used. We show that there is one first class constraint. Since the
system is also generally covariant, the canonical Hamiltonian vanishes. We also provide a gauge fixed
analysis imposing the static gauge. The Dirac brackets paved the way towards quantization. Section 4
contains this comprehensive Hamiltonian analysis leading to the Schroedinger equation for the system.
Finally, we conclude in section 5.
2 Action for Non relativistic Particle in Curved Background
The parametrized action for a non relativistic particle in 3 dimensional Euclidean space and absolute
time is given by,
S =
∫
1
2
m
dxa
dλ
dxa
dλ(
dx0
dλ
) dλ (1)
where the index a denotes a space index. The action is invariant under the global Galilean transfor-
mations,
xµ → xµ + ξµ; ξ0 = −ǫ, ξk = ηk − vkt; ηk = ωklx
l + ǫk (2)
This invariance is ensured by the transformations
2
δ
dx0
dλ
=
d
dλ
(δx0) = −
dǫ
dλ
= 0 (3)
as ǫ is constant and,
δ
dxk
dλ
= wkj
dxj
dλ
− vk
dx0
dλ
(4)
which can be checked easily. The Lagrangian (1) changes by,
δL = −
d
dλ
(
mvk
dxk
dλ
)
(5)
due to (3) and (4). The change of the action (1) is then a boundary terms only, see (5). The
same equations of motion follow from both the original and the transformed action. So the theory is
invariant under the global Galilean transformations.
To localize the symmetry of the action (1) according to GGT ,dx
α
dλ
is now subsituted by the covariant
derivatives Dx
α
dλ
, where
Dxα
dλ
=
dxν
dλ
Λβν∂βx
α =
dxν
dλ
Λαν (6)
Here Λβν are a set of new compensating (gauge) fields. Note that the localisation procedure can be
tuned smoothly to restore global Galilean symmetry. In this limit the covariant derivatives Dx
α
dλ
must
then go to the ordinary derivatives dx
µ
dλ
. This sets the following condition
Λαµ −→ δ
α
µ (7)
This at once shows that Λαµ is non singular i.e. the corresponding matrix is invertible. We will further
see that this observation is instrumental in the geometric interpretation of our theory.
Now the transformations of the new gauge fields should ensure that the ’covariant derivatives’
will transform under the local Galilean transfrmations in the same form as the usual derivatives do
under the global Galilean transformations. Then the new theory obtained by replacing the ordinary
derivatives by the ‘covariant derivatives’ will be invariant under the local Galilean transformations.
This is the essence of GGT [13, 14]. Using (3) and (4) the transformation of the covariant derivatives
follows,
δ
Dx0
dλ
= 0 (8)
and, likewise for the space part,
δ
Dxk
dλ
= wkj
Dxj
dλ
− vk
Dx0
dλ
(9)
Exploiting these relations the transformations of the newly introduced fields are completely spec-
ified. They are given by [1],
δΛ00 = ǫ˙Λ
0
0
δΛai = ω
a
bΛ
b
i − ∂iξ
kΛak
δΛa0 = ǫ˙Λ
a
0 − v
aΛ00 − ∂0ξ
kΛak + ω
a
bΛ
b
0 (10)
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while the remaining field Λ0i simply vanishes.
Hence the cherished action is given by,
S =
∫
1
2
m
Dxa
dλ
Dxa
dλ(
Dx0
dλ
) dλ (11)
obtained from (1), substituting dx
µ
dλ
by Dx
µ
dλ
. The above derivation is the standard procedure of GGT
which leads to the theory (11) in flat space invariant under transformations formally similar to (2).
But the parameters of transformations. But they are not constants and vary in a special manner with
space and time, completely in unison with the privilaged role of time.in Newtonian theory.
2.1 Geometrical Connection
The GGT has a remarkable feature. The transformations of the gauge fields introduced during local-
isation have a suggestive form which is exhibited by the set of transformations obtained for a generic
model [15] having Galilean symmetry. The transformations obtained here (10) are no exceptions. The
form variation of the gauge fields carry two indices, a local and a global one. If we reinterpret the
theory as a theory in curved space time, the local indices transform as under Galilean rotations and
boosts while the global indices resemble a diffeomorphism xµ → xµ + ξµ.
The new fields Λµ
α may then be reinterpreted as inverse vielbeins in a general manifold charted by
the coordinates xµ connecting the (global) spacetime coordinates with the local coordinates. A crucial
requirement for this is the existence of an inverse which is met above by the continuity of the local to
global invariances (see the equation (7) and the discussion around it )1 The geometric reinterpretation
is then seen from the above transformations (see, for example (10)) where the local indices (denoted
by a) are Lorentz rotated, while the global indices (denoted by i) are coordinate transformed.
Before proceeding to the next discussion note that there is no convective term in the transformation
of Λai . This is because the variations involve only changes in the form,
δΛai = Λ
′a
i (λ)− Λ
a
i (λ) (12)
where λ is the parameter that does not change. This happens when we do particle mechanics. A
similar structure appeared earlier in (7), for the variation of the spatial metric hij, that was discussed
in [12]. For field theory, the convective term appears as both the form of the variable as well as the
coordinates are changed. As an example,
δgij = g
′
ij(x
′)− gij(x) (13)
To distinguish from the form variation in (12), the above is called the total variation in the literature.
Similar conclusions hold for the other two transformations. It has been proved that the 4-dim
space time obtained in this way above is the Newton-Cartan manifold. This is done by showing that
the metric formulation of our theory contains the same structures and satisfy the same structural
1A word about our notation: indices from the beginning of the alphabet (α, β etc. or a, b etc) denote the local basis
while those from the middle (µ, ν etc. or i, j etc.) indicate the global basis; Greek indices denote space-time while only
space is given by the Latin ones. Repeated indices denote a summation.
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relations as in NC space - time [14]. As is well known that the NC manifold is a degenerate one.
The metric properties is fully expressed by a singular matrix hµν and a one form τµ which defines the
absolute direction of the flow of time 2. The Newton Cartan geometry is a degenerate manifold with
a singular metric hµν and a one form τµ satisfying the following algebra,
hµντν = 0 τ
µτµ = 1
hνµh
µρ = P ρν = δ
ρ
ν − τ
ρτν (14)
where, P ρν is the projection operator. The Milne symmetry of NC geometry is once again a cardinal
issue in the field. That this symmetry is connected with the local Galilean boost was known earlier.
But a comprehensive theory of this connection was obtained from GGT [17]. The quantities hµν and
τµ are additional structures defined for raising or lowering indices.
With this short introduction to the Newton Cartan algebra we ask the question whether our
candidates for the vielbeins and their inverse may be used to build up the metric structures with
appropriate transformations and satisfy the set (14)?
We begin with the metrics. One can define
hµν = Σa
µΣa
ν ; τµ = Λµ
0 = Θδ0µ (15)
and,
hνρ = Λν
aΛρ
a; τµ = Σ0
µ (16)
where Σα
ν is the inverse of Λµ
α ,
Σα
νΛν
β = δβα ; Σα
νΛµ
α = δνµ (17)
Knowing the transformations of the Λ′s it is possible to compute the transformations of the Σ′s
from the above relations [14]. The local and global basis are thus appropriately connected by these
vielbeins in the following way,
eˆµ = Λ
α
µ eˆα, eˆα = Σ
µ
αeˆµ (18)
For flat spacetime, there should be no difference between the local and global bases. This has
been already established in (7) as the vielbeins simplify to Kronecker deltas in the flat limit. Since
the vielbeins are connected to the identity, these are obviously invertible. Moreover, we have already
shown that the appropriate tensorial properties are satisfied by them. Hence if the findings hold
for any specific coordinate system, they will also hold for any other system which shows the gauge
independence of the results. Thus we are free to choose the particular coordinate system where we
perform our analysis.
All the above relations are trivially satisfied in the flat space limit. A slightly non trivial check is
provided by the flat space limit of (10). The transformations parameters are now spacetime indepen-
dent (ordinary global Galilean parameters). While the left side vanishes trivially, the right vanishes
on using (2).
2Thus this one form determines the foliation of space time, where the Newtonian dynamical variables are defined on
the slices The coordinate system defined using this foliation are the Galilean (adapted) coordinates. The most important
advantage of the GGT is that it automatically couples the free theory in the Galilean coordinates.
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We may remind that hµν is not the inverse of hµν , being the elements of Newton Cartan geometry,
satisfying (7). However, since rotational symmetry is preserved hij is the inverse of hij , i.e.,
hikhkj = δ
i
j (19)
which may also be verified from (7).
Thus hij may be regarded as a non degenerate spatial metric which should transform as the space-
space components of a rank 2 covariant tensor. This is proved from our relations. Note that the
parameters ξµ are now local (i.e. space time dependent), except for the time translation parameter
ǫ which, as stated earlier, is a function of time only, keeping in view the absolute nature of time in
nonrelativistic physics. Under infinitesimal transformations we should have,
δhµν = −hαν∂µξ
α − hαµ∂νξ
α (20)
Taking the space space component we find,
δhij = −hkj∂iξ
k − hki∂jξ
k (21)
where the α = 0 components drops out since ξ0, the time translation parameter, is a function of time
only. Note that as usual there is no convective term present in the above transformation law, the
reason for which was discussed at the beginning of section 3.1. In fact it is exactly identical to that
given in (7), that was discussed in [12]. From (16) and (10), we find,
δhij = (ω
a
bΛ
b
i − ∂iξ
kΛak)Λ
a
j + (ω
a
bΛ
b
j − ∂jξ
kΛak)Λ
a
i (22)
Terms involving the rotation parameter cancel from symmetry arguments. The remaining pair of
terms are simplified by using (16). It immediately reproduces (21).
It is now easy to express (11) in a manifestly covariant form using the Newton Cartan elements.
From (6) and (16) we obtain,
Dxa
dλ
Dxa
dλ
= hνσ
dxν
dλ
dxσ
dλ
(23)
so that the action may be written as,
S =
(m
2
) ∫
hνρ
x′νx′ρ
Θx′0
dλ (24)
Clearly, this can be interpreted as the action of a non relativistic particle coupled with a Newton
Cartan background.3.
2.2 Comparison with earlier results
Here we undertake a comparison of our action with the earlier results. Meanwhile let us note that
The action (24) is quite satisfactory. The flat limit poses no problems. In this limit we recall that the
vielbeins reduce to the Kronecker deltas. Then Θ = 1, h00 = h0i = 0 and hij = δij . The action (24)
reduces to the standard NR action for a free particle in flat space, expressed in a reparametrisation
invariant form.
3We work with zero torsion.
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In other approaches [12] the form of the action is not the same as (24). Apart from a term which is
similar to (24) there occurs another piece that depends on a gauge field. Thus the two representations
appear to be inequivalent But, this is not so. The apparent paradox is resolved by looking at the flat
space limit. As shown above, the action (24) passes to the NR flat space action (28). On the contrary
the action obtained from the other approaches reduces to (28) plus a term which is interpreated as a
potential which is a solution of a Poisson equation. It comes from the gauge field part of the usual
action. This connection was explained in [18].
It is now clear why we get an action that is different from the action obtain from other approaches.
Our results cruucially depends on the defiinition of the flat space theory. The (global) Galiilean
symmetry of the flat theory are gauged (localised) to eventually yields a curved generalisation of the
flat space theory. The flat space theory may be free, as is considered here. Or, it may be interacting
as we have considered elsewhere [19, 9]interdiction, it is crucial to note, must be non gravitational.
Thus it will not be possible to start from a theory that contains a gravitational potential.
One may wonder whether it is still might possible to smuggle the gauge field in our expression
(24) by using the transformations under the Milne boost symmetry .This can not be done Consider
the Milne boost transformation
hµν = h¯µν +
(
τ¯µP
ρ
ν + τ¯νP
ρ
µ
)
Aρ −
(
τ¯µτ¯ν h¯
ρσAρAσ
)
τν = τ¯ν τν = τ¯ν h¯
µν = hµν (25)
which will connect the two. The quantity P ρν is the projection operator, already defined in (14).
and Aµ is an arbitry one form. Then the action changes to
S¯ =
(m
2
) ∫
dλ
[
h¯νρ
x′νx′ρ
Θx′0
+ 2Θx′0x′νAν − 2Θ
2x′02τρAρ +Θ
2x′0hραAρAα
]
(26)
To extract the physical significance of (26) let us take its flat limit. In this situation
Θ = 1, h00 = h0µ = 0 hij = δij Aµ = (φ, 0, 0, 0) (27)
we get the free particle action (1). The Newtonian gravitational potential φ does not appear. In fact
this little exercise shows the consistency of our approach by reprodcing the orignal flat action, proving
that the occurrence of Aµ in ( 26) is a gauge artifact of the Milne symmetry.
It may be recalled that the gauge field may enter the structure of the NC geometry through the
arbitrary two form that occurs in the definition of connection, using the Trautman - Ehler ’s conditions.
In our case the two form vanishes (see the discussion below (37)) so that such a probability is ruled
out. This is a reassuring point compatible with our previous analysis.
3 Lagrangian Analysis
We start from the following action of the non relativistic particle in curved background,
S =
(m
2
)∫
hνρ
x′νx′ρ
Θx′0
dλ =
(m
2
)∫
hνρ
x′νx′ρ
τσx′σ
dλ (28)
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where, as earlier stated, a prime denotes a differentiation with respect to the parameter λ. The passage
from the first to the second equality follows on using the representation of τσ. Note that the gauge
fields do not appear explicitly in the above action, they have been absorbed in the definitions of the
Newton Cartan structures hµν and τµ. Obviously it is different from the result needing an explicit
introduction of the U(1) gauge field. In the particular case obtained by setting φ = 0 there, it has a
structural similarity with our action. Our result is more in line with that of [7]. The total hamiltonian,
obtained from a canonical analysis of the above action, which has been done later, agrees with the
super-hamiltonian of [7].
This action is manifestly invariant under the finite reparametrisations,
λ→ λ′, xµ(λ)→ x′µ(λ′) (29)
The infinitesimal version is given by,
λ′ = λ+ δλ, δxµ(λ) = δλ
dxµ
dλ
(30)
The Euler- Lagrange equation following from (28) is,
d
dλ
(
∂L
∂x′µ
)
−
∂L
∂xµ
= 0 (31)
We will give the calculations in some detail. The derivatives of L can be straightforwardly com-
puted. Multiplying the overall equation by hωµ we get,
x′′ω +
(
τ ′.x′
)
τω −
(τ.x′)′
(τ.x′)
x′ω −
hωατ ′αhρβx
′ρx′β
2 (τ.x′)
+
hωαhµνx
′µx′ν (∂ατσ) x
′σ
2 (τ.x′)
+
hωα
2
(∂σhαβ + ∂βhασ − ∂αhσβ)x
′σx′β = 0 (32)
where the abbreviation,
τ.x = τσx
σ (33)
has been used.
We can now introduce the Dautcourt connection,
Γωσβ =
1
2
τω (∂στβ + ∂βτσ) +
hωα
2
(∂σhαβ + ∂βhασ − ∂αhσβ) +
1
2
hωα (Kαστβ +Kαβτσ) (34)
where K is an arbitrary two form. Now from (34) we can write
hωα
2
(∂σhαβ + ∂βhασ − ∂αhσβ)x
′σx′β = Γωσβx
′σx′β − τω∂στβx
′σx′β − hωαKαστβx
′σx′β (35)
Using this and the identity
τ ′α − ∂ατσx
′σ = (∂στα − ∂ατσ) x
′σ (36)
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in (32) we get the path of a particle falling freely in background gravity,
x′′ω + Γωσβx
′σx′β =
(τ.x′)′
(τ.x′)
x′ω (37)
where we have identified the arbitrary two form as,
Kσα =
1
2(τ.x′)2
(∂στα − ∂ατσ)hρβx
′ρx′β (38)
Since we are doing torsionless NC geometry the above two form vanishes as (∂στα − ∂ατσ) is just
the temporal components of the torsion tensor [17]. Also, the path is the equation of a geodesic in
Newton Cartan geometry. Thus our action (11) produces the correct geodesic equation. Further, the
arbitrariness of Dautcourt formula for the symmetric connection is eliminated. This does not mean
that the arbitrariness in the NC affine connection is removed. It shows that such arbitrariness does
not affect the NR spinless particle dynamics.
In order to derive the affine form of the geodesic where the right side of (37) vanishes, the affine
parameter has to be identified. This is easily done. The affine properties of the Newton Cartan
geometry is determined by the direction of flow of time. The Galilean frame assumed in this work has
the time axis oriented along the direction of absolute time. Substituting λ = t in (37) we get
d2xµ
dt2
+ Γµσβ
dxσ
dt
dxβ
dt
=
Θ˙
Θ
x˙µ (39)
where an overdot denotes time differentiation. Now to fix the scale of time define the affine parameter
T by
dT = Θdt (40)
This leads to the affine geodesic equation
d2xµ
dT 2
+ Γµσβ
dxσ
dT
dxβ
dT
= 0 (41)
We have successfully constructed the action for a NR particle coupled to Newtonian gravity follow-
ing the systematic procedure provided by galilean gauge theory (GGT) [13, 14, 15]. The background
space time is identified with the Newton Cartan space time. A Lagrangian analysis has shown that a
freely falling particle follows a geodesic in this NC spacetime.
4 Hamiltonian Formulation
We follow Dirac’s method of constrained systems [16] to develop the Hamiltonian formulation. This
can be done either in a gauge independent manner or by fixing a specific gauge [24]. We do in both
ways.
4.1 Gauge independent analysis
The dynamical fields in the action are xµ. The vielbeins Λ(x) are prescribed functions of x. The
momentum, canonically conjugate to xµ are ,
pµ =
∂L
∂x′µ
=
mhµνx
′ν
(τ.x′)
−
mhρνx
′ρx′ντµ
2 (τ.x′2)
(42)
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From here, after a couple of manipulations, we get a primary constraint,
Ω1 = τ
µpµ +
1
2m
hρσpρpσ ≈ 0 (43)
In flat space the only nonvanishing components are given by τ0 = 1, hij = δij , so that the constraint
simplifies to the well known energy-momentum condition,
E =
p2
2m
(44)
where the energy is identified as, E = −p0.
Expectedly, the canonical Hamiltonian vanishes,
Hc = pµx
′µ − L = 0 (45)
which is a manifestation of the reparametrization invariance of (11) [24]. The total Hamiltonian is
then given by just the constraint,
HT = χ
(
τµpµ +
1
2m
hρσpρpσ
)
(46)
where χ is a Lagrange multiplier. Since the Poisson algebra of constraints is strongly involutive,
{Ω1,Ω1} = 0 (47)
there are no further constraints. We therefore have a single first class constraint which will subse-
quently be shown to generate the reparametrisation symmetry.
The Lagrange multiplier χ can be fixed from the canonical equation of motion,
x′µ = {xµ,H}PB (48)
Some calculation yields
χ = τ.x′ (49)
The total hamiltonian is then given by,
HT =
(
τ.x′
)(
τµpµ +
1
2m
hρσpρpσ
)
(50)
This is exactly equal to the super Hamiltonian of Kucharˇ [7].
Since there is only one first class constraint, the gauge generator is just given by,
G = ǫΩ1 = ǫ
(
τµpµ +
1
2m
hρσpρpσ
)
(51)
where ǫ is the gauge parameter.
The change in xµ is given by,
δxµ = ǫ{xµ,Ω1} =
ǫ
τ.x′
x′µ (52)
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As already shown, the model (11) has reparametrization invariance. Comparing the above result with
(30) we find that the Hamiltonian gauge symmetry parameter is mapped to the reparametrization
parameter,
δλ =
ǫ
τ.x′
(53)
We now calculate the Hamilton’s equations of motion. These are given by bracketing with the
total hamiltonian,
x′µ = {xµ,HT } =
(
τ.x′
)(
τµ +
1
m
hµσpσ
)
(54)
p′µ = {pµ,HT } =
(
τ.x′
)(
−∂µτ
αpα −
1
2m
∂µh
ρσpρpσ
)
(55)
Taking derivative of (54) with respect to λ and using (54) and (55) we get back the geodesic equation
(41). Both Lagrangian and Hamiltonian analysis show that the geodesic equation is obeyed by the
freely falling particle.
4.2 Gauge fixed analysis
So far we were working in the gauge independent formalism. But to identify the physical variables
and proceed with canonical quantization, gauge fixing is necessary.
A particularly suitable choice of gauge is to identify the parameter λ with the universal time,
Ω2 = x
0 − λ = 0 (56)
As we shall see the Dirac brackets in this gauge are very simple and it is easy to identify the proper
canonical variables of the theory.
The constraints Ωi and Ω2 now form a second class pair. The relevant matrix formed by the
Poisson brackets of the two constraints is given by,
Cij = {Ωi,Ωj} = −Θ
−1ǫij, ǫ12 = 1 (57)
and its inverse is given by,
C−1ij = Θǫij (58)
The Dirac brackets (denoted by a star) between any two variables are defined by,
{f, g}∗ = {f, g} − {f,Ωi}C
−1
ij {Ωj , g} (59)
Then the only non-vanishing Dirac brackets are given by,
{xµ, pν}
∗ = δµν − δ
0
ν
(
τµ +
1
m
hµσpσ
)
(60)
It is now possible to identify the physical variables of the system. There are eight phase space
variables, two of which are eliminated by the constraints. That leaves us with six physical (phase
11
space) degrees of freedom. We identify these with the set (xi, pj). Moreover their Dirac brackets are
identical to the Poisson brackets,
{xi, pj}
∗ = δij (61)
so that these may be regarded as a canonical pair. The variable x0 is just the time parameter and,
expectedly, has vanishing brackets with all variables. The other variable p0 is eliminated in favour of
the canonical set by using (43). Realising that this constraint is now strongly implemented, we can
solve for p0 to get,
p0 = −Θ
(
τ ipi +
1
2m
hijpipj
)
(62)
Finally, we have to identify the hamiltonian because the earlier expression (50), based solely on
the constraint, is now strongly zero. The new hamiltonian is given by,
H = −p0 (63)
To prove this fact we reproduce the equations of motion by taking the relevant Dirac brackets with
the canonical variables. For example,
x˙i = {xi,H}∗ = Θ
(
τ i +
1
m
hijpj
)
(64)
where (61) is used. This matches exactly with x′i (54) which has been obtained by gauge independent
analysis, as τ.x′ = Θ, since now we can put λ = x0 = t, which is the gauge fixing constraint imple-
mented strongly. Similarly, we can prove p˙i matches with p′i in the gauge independent analysis. So
H generates the equations of motion of the physical variables.
4.2.1 Canonical Quantization and Schroedinger Equation
Canonical quantization is now possible. We elevate the Dirac algebra (61) to commutators, replacing
the xi, pj by operators. Then,
[xˆi, pˆj ] = iδ
i
j (65)
In the coordinate representation, therefore,
xˆi = xi, pˆi = −i
∂
∂xi
(66)
Using (66) along with (62) and (63), we can write down the following equation,
i
∂ψ
∂t
= Θ
(
τ i(−i
∂
∂xi
) +
1
2m
hij(−∂i∂j)
)
ψ (67)
This is the Schroedinger equation for a nonrelativistic particle in a Newton Cartan background. As
a consistency check we study its flat limit. In this limit Θ = 1, τ i = 0, hij = δij and the above
equation reduces to,
i
∂ψ
∂t
= −
1
2m
∇2ψ (68)
Similarly, from (63) we find that H goes to its flat limit p
2
2m
. These agreements are really wonderful.
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5 Conclusions
The coupling of nonrelativistic matter to gravity is quite nontrivial when compared to the relativistic
case. A prime reason is the lack of a single nondegenerate metric. While such a metric occurs
naturally for relativistic theories, the nonrelativistic theory is saddled with a pair of degenerate metrics
[4, 5, 6, 7, 8]. Thus it becomes necessary to adopt different techniques than those used conventionally.
Among the various approaches, a large part is devoted to gauging the Galilean (or its centrally
extended ) algebra [11]. While this does reproduce the elements of the Newton Cartan geometry, it
cannot illuminate the dynamics. Thus one takes recourse to introduce a background U(1) gauge field
to keep track with the symmetries in the dynamicsal level.
For the specific problem of writing an action for a nonrelativistic free particle coupled to gravity,
two methods were used in the literature. By the gauging of algebra method an action was written
[12, 10]. However, the particle equation of motion was not a geodesic [12]. This last point brings us to
the other approach [7]. Here the geodesic equation was assumed, from which an action was guessed.
Recently we have given a new form for the action of a nonrelativistic particle [1] which was based
on a systematic algorithm developed by us over the last few years to couple nonrelativistic theories to
gravity [13, 14, 15]. The algorithm is based on the gauge principle which dictates the precise method
by which a given theory with global invariance can be reformulated into a theory with local invariance.
New fields have to be introduced that help us to define covariant derivatives from the ordinary ones.
The transformations of these new fields is fixed by requiring that the covariant derivatives transform
in the same way under local transformations as the ordinary derivatives do under the global symmetry.
Finally replacing the ordinary derivatives by the covariant derivatives in the original (flat space) action
yields our cherished action which has an appropriate geometrical interpretation. This action had a
proper flat limit. No assumptions were used and the coupling to Newton Cartan geometry was simply
an outcome of the method.
In this paper we have made a detailed canonical analysis of that action. Both lagrangian and
hamiltonian formulations were discussed. We have shown that the Euler-Lagrange equation of motion
is just the geodesic equation in the Newton Cartan background. This is a nontrivial check on the
validity of our action, particularly since the issue of geodesy has been a recurring theme, both for the
spinless [12] and spinning particle models [25]. We also like to mention that, contrary to [7], we have
not assumed the geodesic eqution. Rather, we have derived it from our action.
The hamiltonian analysis of our model is based on Dirac’s theory of constraints [16]. This has
been done using both gauge independent and gauge fixed versions. We find the appearance of a single
first class constraint. The canonical hamiltonian vanishes, revealing the reparametrisation invariance
possessed by the action. This invariance is shown to be generated by the first class constraint. The
time evolution of the system is given by the total hamiltonian, which is proportional to the first
class constraint. Fixing this arbitrariness appropriately, we are able to reproduce the Euler Lagrange
equations of motion. Thus the geodesic equation is also obtained in the hamiltonian formulation.
In the gauge fixed approach, we choose a gauge where the reparametrisation parameter is taken
to be the absolute time. The reparametrisation freedom is thus removed and the original first class
constraint gets converted to second class. The Dirac brackets were computed. From these brackets
the physical (canonical) variables were abstracted. The new hamiltonian was identified from which
the original equations of motion were reproduced using the Dirac brackets. Thus the consistency of
the gauge independent and gauge fixed formulations was established. Since the canonical pair had
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been abstracted it was possible to quantise the theory, say in the Schroedinger representation. The
Schroedinger equation was explicitly written. All these results reproduced the expected flat limit.
For instance, the Schroedinger equation found here smoothly goes over to the normal Schroedinger
equation for a free nonrelativistic particle in flat spacetime.
We have compared our result for the action with that found by other approaches [12]. The two
expressions are apparently different but we have explained the reasons for this feature. The origin
of this difference is contained in the respective flat space limits. Whereas we consider a free NR
particle in flat space and find its curved space generalisation, the earlier approaches provide a covariant
formulation of an otherwise free NR particle in flat space but which is in the presence of a Newtonian
gravitational potential. Thus the final covariant expressions in the two cases also differ. As we have
further shown, this difference cannot be ‘gauged’away by exploiting the Milne symmetry.
As future possibilities, an immediate application would be to extend the analysis for a spinning
particle. Such a model can be the starting point for more involved theories like the superparticle or
even superstrings in a Newton Cartan background.
.
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